Abstract. This article constructs a smooth weak Fano threefold of Picard number two with small anti-canonical morphism that arises as a blowup of a smooth curve of genus 5 and degree 8 in 
Introduction
A smooth Fano variety is a smooth projective variety whose anti-canonical class is ample. A smooth weak Fano variety is a smooth projective variety whose anticanonical class is both nef and big. These varieties with weakened positivity condition on the anti-canonical class arise in the study of birational maps between Fano varieties. The study and classification of smooth weak Fano threefolds with Picard number two began first with numerical classification. Here numerical classification means the list of numerical possibilities for Sarkisov links between threefolds was provided. In a series of two papers, by Jahnke, Peternell, and Radloff (see [JPR05] , [JPR11] ), began the classification of smooth threefolds X with big and nef (but not ample) anti-canonical divisor and Picard number two. These papers considered different birational maps from smooth Fano threefolds Y based on the classification type of the extremal contraction (as classified by Mori [Mo82] ) and the morphism associated with the base point free linear system | − mK X |. In particular, the authors classified, for both divisorial and small | − mK X | contractions, weak Fanos arising in links that were combination of extremal rays of type del Pezzo fibration, conic bundle, or birational contraction. Janke, Peternell, and Radloff provided numerical classifications as well as geometrical constructions when possible. Not all geometric constructions were provided and there are still some open cases. However, for | − mK X | small, the case when both contractions are birational was not considered.
This final remaining combination of extremal contractions was first numerically classified by the authors in [CM13] . The tables in [CM13] captured some geometric realizations already classically known, and the paper also provided other geometric constructions for numerical examples. Later, further geometric proofs were provided for numerical cases, some previously open (e.g. [ACM17] , [BL12] , [BL15] ), to give explicit constructions. To date, the actual geometric existence of some cases in the tables of [JPR05] , [JPR11] , and [CM13] are open problems.
This paper focuses on a particular Sarkisov link created when a smooth curve C in P 3 of degree 8 and genus 5 is blown-up. We will show that, for a general curve C not contained in a cubic surface, a symmetric link of type E1-E1 from P 3 to P can be constructed. It is important to note that this link is already known to exist both numerically and geometrically (see [CM13] , [BL12] respectively). However, the construction in what follows does not rely upon the prior results and tables from the seminal paper [JPR11] . Not only is this link interesting on its own right as an example of a Cremona map, (ex., [CS17] ), but also the construction of the link in this paper removes any doubt regarding its geometric existence as there are small gaps in the tables of [JPR11] which prior proofs rely on. The authors hope that methods used will be useful to construct other open cases.
Results
In this paper, all varieties will be defined over the field of complex numbers, C, and all varieties will be smooth unless stated otherwise.
The main result of this article is as follows:
Theorem 2.1. The numerical invariants listed in case 99 in [CM13, Table E1 -E1] of the Sarkisov link starting with a smooth curve C of degree 8 and genus 5 in P 3 is geometrically realizable independent of the results in [JPR11] .
In particular, there are two places where the dependence of the tables of [JPR11] needs to be removed. Firstly, the claim that the anti-canonical morphism is in fact small is obtained from [JPR11] . We will show this directly in 4.3. The second time the tables in [JPR11] are referenced in prior papers is to show that the extremal contraction after the flop is of divisorial type. This claim is shown explicitly in Proposition 4.4. In addition to removing dependence on the tables in [JPR11] , explict details are worked out for the geometric construction of this particular Sarkisov link arising as the blowup of a smooth curve C of degree 8 and genus 5 in P 3 .
We begin with some preliminaries.
Preliminaries
Let X be a weak Fano threefold of Picard number two such that the anticanonical system |−K X | is free and gives a small contraction ψ : X → X ′ . By [Ko89] , the K X -trivial curves can be flopped. More precisely, there is a commutative diagram
where χ is an isomorphism outside of the exceptional locus of ψ. The strict transform of a divisor D ∈ Pic(X) across the flop χ is denoted by D. Since χ is small,
The particular case of study in what follows is case No. 99 of [CM13] of type E1-E1. Recall that type E1-E1 means that both φ and φ + are assumed to be divisorial contractions of type E1 in the sense of [Mo82] . In particular, φ is the blow-up of a smooth irreducible curve C of degree 8 and genus 5 in Y = P 3 . Likewise φ + is the blow-up of Y + along a smooth irreducible curve C + of degree 5 and genus 8 in
The exceptional divisors of the blow-ups φ and φ + are denoted by E and E + , respectively.
Construction
To begin the construction of the link, let us first guarantee the existence of such a curve, and in particular, choose the right curve needed to construct the link.
By [Knu02] , Theorem 1.1 on pg 202, we can find a smooth irreducible curve C of genus 5 and degree 8 lying on a smooth K3 quartic surface S ⊂ P 3 with the property that Pic(S) = ZH S ⊕ ZC.
Proposition 4.1. Let X be the blow-up of a smooth irreducible curve C of genus 5 and degree 8 lying on a smooth K3 quartic surface S ⊂ P 3 with the property that Pic(S) = ZH S ⊕ ZC. Then X is weak Fano.
Proof. Let X be the blow-up of C(5, 8) ⊂ S ⊂ P 3 . The anticanonical divisor of P 3 , −K P 3 , is 4H, so the anticanonical divisor of X, −K X , is then 4H − E, where E is the exceptional divisor. The freeness of the linear system | − K X | = |4H − E| is studied by considering the freeness of the linear system on P 3 of |4H − C| outside of C. This linear system is studied by considering the linear system |4H S − C| on the smooth K3 quartic surface S.
There are two observations to make regarding the linear system |4H S − C| on S. The first is that this linear system is free (and therefore nef) by the following proposition with n = 2, d = 8, g = 5, and k = 4. For the proof, see Proposition 2.1 in [ACM17] . Furthermore, kH − C is free if and only if it is nef and we are not in the case
The second observation to make is that, with the exception of S itself, every divisor in |4H − C| on P 3 is the pullback of a divisor on the quartic surface S since there is a surjection from H 0 (4H − C) to H 0 (4H S − C). To prove this claim, consider the short exact sequence
After twisting by 4, the short exact sequence becomes
The long exact sequence of cohomology is
. Then any member of the complete linear system |4H S | is a restriction of a member of |4H|. Since −K X is free, −K X is nef. 
with d = 8 and g = 5 gives −K 3 X = 8. To show that −K X is not ample, it suffices to show C has at least one 4-secant line. In fact, C has 10 4-secant lines. This can be calculated directly using [LeB82] with d = 8 and g = 5.
Number of 4-secant lines to
To show that the anticanonical morphism only contracts these curves and not a divisor (that is, the anticanonical morphism ψ : X → X ′ is a small contraction), the traditional approach has been to compare the invariants with the classification tables in [JPR11] . Since this case of blowing up a smooth curve C of genus g = 5 and degree d = 8 is not on their tables when C is not contained in a cubic surface, the small contraction induces a flop χ : X X + by [Ko89] . The contraction on the other side of the Sarkisov link must then be of type E1 − E * , where * = 1,2,3,4,5. Using the tables in [CM13] , one then checks the weak Fano constructed from blowing up a smooth curve C of genus g = 5 and degree d = 8 is not on the E1-E2,E1-E3/E4,E1-E5 tables to conclude the link must be of type E1-E1.
While the traditional method is effective, and follow-up papers (e.g., [BL12] , [ACM17] ), have verified the numerical possibilities with explicit geometric constructions, there are known gaps in the tables in [JPR11] . It is the authors' understanding these gaps will be resolved in an upcoming paper, but until then, the main result of this paper is to construct the Sarkisov link from the blow-up of the C(5,8) curve in P 3 alone, not relying on any prior classifications. Until now, we have only the following diagram:
where φ is the blow up of a degree 8 and genus 5 curve C in P 3 . We will show that ψ must be a small contraction. 
Simplifying gives a = −3b, so D = k(3H − E), for some integer k. Note that if k = 1, then C is contained in a cubic surface S in P 3 . The surface S is in P 3 , so first identify D with k(3H − C) in P 3 . Consider the restriction of D to S and consider the divisor D| S − C on S. Then k(3H − C) ∼ C ′ on S for some effective divisor C ′ with degree 4b. Then
2 ≤ −4 means C ′ decomposes into a sum of irreducible curves of which at least two are rational. Since a rational curve on a K3 has self-intersection of -2, S contains no rational curves since H and C generate Pic(S) and since H 2 , H.C, and C 2 are all in 4Z.
By [Ko89] , ψ induces a flop which is an isomorphism outside of the exceptional locus to a smooth weak Fano threefold X + with Picard number 2 and we have the following diagram:
These 10 4-secants are indeed the 10 flopping curves as indicated by the defect e of the flop χ. Recall the defect of a flop is defined as
where
in the notation of [CM13] . In particular, e/r 3 = 10, where r is the index of P 3 (in this case, r = 4).
Once again, the traditional approach to classifying this link would then be to look at the tables in [JPR11] to see if this link showed up as a del Pezzo or conic bundle contraction. If not, the link was then of the form E1-E* (*=1,2,3,4,5), and the results of [CM13] were used. Instead of relying on the tables, we will show directly that φ + cannot be of type del Pezzo or conic bundle fibration.
Proposition 4.4. The morphism φ + as in the above diagram is of exceptional type. That is, it is an exceptional contraction of type E. In particular, it is case 99 on the E1-E1 table of [CM13] Proof. Since the Sarkisov link exists, by the classification of Mori, the extremal contraction is either a divisorial contraction (of type E1,E2,E3,E4,E5), or a relative Fano model to a surface (a conic bundle contraction of type C1 or C2), or to a curve (a del Dezzo contraction of type D1, D2, or D3.). Let us show that neither the conic bundle contraction nor the del Pezzo contraction can occur, forcing φ + : X + → Y + to be a divisorial contraction.
Assume φ + : X + → Y + is a conic bundle and let D be the pullback of a line in
Compute this intersection number across the flop, writing D = a(−K X ) + bE for some rational a, b. Then, using the fact that (−K X ) 2 E = rd + 2 − 2g = (4)(8) + 2 − 2(5) = 24
and
Since 8 divides the right side but not the left, there are no solutions. A similar argument shows φ + : X + → Y + is not a del Pezzo fibration. Suppose φ + : X + → P 1 is a del Pezzo fibration. Let D be the divisor class of the del Pezzo surfaces in the fibration. Then −K
for some rational a, b, by the above calculations, 0 = 8a 2 + 48ab + 8b 2 . Setting b = 1 then gives the quadratic a 2 + 6a + 1 = 0, which has no rational solutions for a, so φ + : X + → Y + is not a del Pezzo fibration. Similarly, b = 0 gives no solutions either.
By classification of extremal contractions, φ + : X + → Y + must be of divisorial type. In particular, using the tables in [CM13] , the link is of type E1-E1, with numerical constraints of case 99.
This proposition now places P 3 as Y + in the E1-E1 link and a geometric construction satisfying the numerical constraints of case 99 in [CM13] is complete. In particular, φ + must be the blowdown of the exceptional divisor to a curve C + in Y + = P 3 of genus 5 and degree 8.
Conclusion
The above calculations construct the Sarkisov link with small anti-canonical morphism arising as the blow up of a general smooth curve C of genus 5 and degree 8 in P 3 , where C is not contained in a cubic surface, without any reference to the tables in [JPR05] or [JPR11] . In particular, the proof that the anti-canonical morphism is small and the fact that the link contains two exceptional divisorial contractions was shown without reference to prior classification tables.
This link satisfies the numerical constraints in Table E1 -E1 in [CM13] , case number 99. The link consists of 10 flopping curves, each of which is a 4-secant to the original curve C, and is symmetric in that the morphism φ + : X + → Y + = P 3 contracts the exceptional divisor to a smooth curve C of genus 5 and degree 8. The final diagram of the E1-E1 Sarkisov link is as follows:
It is interesting to note that similar arguments may be able to be applied to case number 76 on the E1-E1 table in [CM13] . This case, which was already shown to geometrically exist in [JPR05] , consists of the symmetric Sarkisov link from P 3 to P 3 , blowing up a smooth curve C of genus 11 and degree 10. We hope to investigate this case, as well as the other known open cases of geometric existence, using the arguments developed in this paper in the future.
